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The Young’s modulus of graphene with various rectangular and circular vacancy defects is investigated by mo-
lecular dynamics simulation. By comparing with the results calculated from an effective spring model, it is demon-
strated that the Young’s modulus of graphene is largely correlated to the size of vacancy defects perpendicular to 
the stretching direction. And a linear reduction of Young’s modulus with the increasing concentration of mono- 
atomic-vacancy defects (i.e., the slope of －0.03) is also observed. The fracture behavior of graphene, including the 
fracture strength, crack initiation and propagation are then studied by the molecular dynamics simulation, the effec-
tive spring model, and the quantized fracture mechanics. The blunting effect of vacancy edges is demonstrated, and 
the characterized crack tip radius of 4.44 Å is observed. 
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Introduction 
Graphene, consisting of a single layer of carbon at-

oms arranged in two-dimensional (2D) honeycomb lat-
tices, has been attracting significant attentions due to its 
intriguing physical properties, for example, the quantum 
Hall effect at room temperature, ambipolar electric field 
effect, tunable band gap, high Young’s modulus and 
fracture strength.[1-7] Owing to the thermal fluctuation, 
2D single-layer crystals were not supposed to actually 
exist in a free state at finite temperature.[8] Until the 
groundbreaking discovery of single-layer graphene 
(SLG) in 2004,[1,9] it is found that carbon atoms can 
form long-range, high-quality, and continuous crystals 
in 2D dimensions, which is ascribed to the strong in-
teratomic bonds in graphene preventing the formation of 
dislocations or defects even at high temperature, as well 
as the gentle three-dimensional (3D) crumping of gra-
phene sheet to minimize the total free energy by sup-
pressing thermal vibrations.[10] To date, both pristine 
and modified graphene have exhibited remarkably high 
mechanical, electronic, and optical properties, making it 
become promising candidates in the application of or-
ganic electronics, energy storages, mechanical resona-
tors, chemical sensors and so on.[11,12] 

The physical properties of graphene with high-per-
fection crystalline lattices are definitely outstanding. 
However, structural defects unintentionally generated in 
the chemical or physical exfoliation processes will 
heavily deteriorate the performance of graphene-based 
devices.[13] Although the defect-free pristine graphene 

prepared by mechanical exfoliation using the ‘scotch- 
tape’ method shows exceptional properties,[9] this man-
ual-exfoliation method is not appropriate for large-scale 
device fabrication. The chemical vapor deposition 
(CVD)-grown graphene[11] and the chemically- 
exfoliated graphene[14] both suffer from relatively poor 
performances due to the existence of a large amount of 
structural defects. In particular, chemically-exfoliated 
graphene contains irreversible lattice disorders and va-
cancy defects, which have been observed by scanning 
transmission electron microscopy (STEM).[15] As to the 
CVD-grown graphene, its mechanical properties are 
largely dominated by the grain boundaries,[16] which 
have been well studied by combining experiments and 
atomistic simulations.[17,18] Based on the experimental 
and theoretical data for carbon nanotubes (CNTs) and 
graphene, it is concluded that such structural defects 
may weaken the sp2-bonds around the defects, reduce 
the fracture strength, and damage the device durability. 
Thus efficient methods to minimize or reconstruct va-
cancy-type defects are needed to eliminate these detri-
mental effects.[13] In comparison to experiments, simu-
lation methods are good at atomic structure modeling 
and analysis, which enables us to systematically inves-
tigate intrinsic defects, such as vacancies, dislocations, 
stacking faults and voids. For example, the simulation 
on vacancy defect and cracks on graphene has revealed 
that the fracture strength primarily depends on the va-
cancy cross section perpendicular to the tensile direction 
and the atomic structure near the fracture initiation 



Zhu, He & QiuFULL PAPER  

 
1400 www.cjc.wiley-vch.de © 2012 SIOC, CAS, Shanghai, & WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim Chin. J. Chem. 2012, 30, 1399—1404 

point.[19] Using atomistic simulation, researchers have 
well investigated the Stone-Wales defects on CNTs and 
graphene, whose formation energy and fracture mecha-
nism have been derived.[20,21] Recently, more simulation 
works have extended to investigate multi-defect influ-
ence, whose concentration and distribution effect have 
been studied.[22-24]  

The fracture behavior of bulk crystals is usually 
studied by the continuous fracture modeling (CFM) 
method, wherein the fractures are supposed to continu-
ously pass through bulks. But CFM method is not fit to 
the fracture behavior of nanostructure materials, be-
cause the fracture in nanostructures is dominated by the 
cracking of single bonds rather than the ideal continuous 
fractures. In order to appropriately describe the behavior 
of this non-continuous fracture in nanostructures, a 
quantized fracture mechanics (QFM) was proposed by 
Pugno and Ruoff, which is a modified Griffith’s theory, 
suggesting that the fracture strength is mostly related to 
the crack tip radius and the length of the crack.[25] The 
fracture strength based on the QFM modeling is given 
by Eq. (1): 
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where σc is the fracture strength of the defect-free 
nanostructure, ρ is the crack tip radius, l is the length of 
the crack, and L0 is the fracture quantum (i.e., the 
minimum propagation distance of the crack). According 
to Eq. (1), for a nanostructure with cracks, its fracture 
strength increases with the crack tip radius and de-
creases with the crack length. The fracture strengths of 
CNT, β-SiC nanorod and α-Si3N4 whisker calculated by 
the QFM modeling are very close to their experimental 
values.  

Herein, we investigate the mechanical properties of 
graphene with various vacancy defects using the QFM 
modeling, MD simulation, and an effective spring 
model. The effects of the shape, the size, and the con-
centration of vacancy defects on the Young’s modulus, 
fracture strength, and crack initiation behavior are 
investigated. 

Simulation Model 
The MD simulation of the fracture behavior of gra-

phene was performed using the program of LAMMPS 
and the adaptive inter molecular reactive empirical bond 
order (AIREBO) potential was used to define the force 
field.[26] Originating from the Tersoff-Brenner potential 
which allows the simulation of bond breaking and re-
forming, the AIREBO potential extends to include the 
intermolecular interactions between non-bonded atoms 
as well as the torsional interactions associated with a 
connected sequence of three bonds.[27-29] Brenner and 
coworkers previously provided the AIREBO parameters 
for the carbon-hydrogen system, in which the two cutoff 

distances of the carbon-carbon bonding (i.e., D1 and D2) 
were set as 1.7 Å and 2.0 Å, respectively. However, by 
using these cutoff distances, graphene exhibits an un-
physical ductile behavior during the stretching process, 
attributed to the discontinuous second derivative of the 
potential between D1 and D2. To avoid this unphysical 
phenomenon near the fracture region, the cutoff pa-
rameter D1 is set to be 2.0 Å in our simulation.[30] 

The ideal unstrained infinite graphene is isotropic, 
but it generally loses the isotropy under stretching con-
ditions,[31] which is sorted as the longitudinal mode (LM) 
and the transverse mode (TM) shown in Figure 1. The 
fracture strength and strain of LM are lower than those 
of TM, while the Young’s modulus of LM is higher 
than that of TM. Therefore, we focus on the LM 
stretching of graphene in this work. The isothermal- 
isobaric ensemble (NPT) MD simulation is performed 
on the graphene with a fixed size of 12.64×11.07 nm2, 
which contains N＝5400 atoms in the defect-free state, 
the pressure P is fixed to be 1 bar, and the temperature T 
is fixed to be 300 K. The periodic boundary condition 
was applied to avoid the edge effect along the transverse 
direction.[32] At the preliminary stage of each simulation, 
a slow relaxation process (i.e., ca. 200 ps) is employed 
to eliminate shape instabilities correlated with random 
velocity initialization. The non-equilibrium simulation 
mode is applied to allow graphene edges to move along 
the stretching direction at a constant strain rate. The 
fracture strength and strain will be slightly reduced by 
lowering the strain rate. Balancing the simulation effi-
ciency and the result accuracy, the strain rate in this 
work is set to be 10－3 ps－1, and the time step is 0.1 fs. 

Results and Discussion 
According to the Griffith’s theory, the shape and size 

of defects, rather than the bonding strength, play a key 
role in the fracture strength. However, it is formidable 
to enumerate all sorts of vacancies. Thus, only some 
simple vacancy types are considered in this paper. 
These vacancies are simplified models for more com-
plicated defects that exist in graphene productions and 
served to further the understanding of more complicated 
vacancies in reality. Two atom-vacancy structures are 
considered, as depicted in Figure 1, which are the rec-
tangular vacancy in Figure 1a and the circular vacancy 
in Figure 1b. The size of the rectangular vacancy is usu-
ally defined by the number of carbon rings occupied by 
the edges of the rectangular vacancy (i.e., edge a, and 
edge b). Yet the size is insufficient to define the rectan-
gular vacancy, as different carbon-carbon bonding 
styles will appear even we fix the size of edge b. To be 
specific, the corner carbon ring on the edge b of the 
rectangular vacancy is defined as the first carbon ring, 
which is denoted by A (Figure 1a). Similarly, the sec-
ond carbon ring on edge b is defined as carbon ring B or 
C, and the rest can be defined in the similar way. 
Therefore, the rectangular vacancy in Figure 1a can be 
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named by “a6b3AC” (including atom m and n) and 
“a6b3AB” (excluding atom m and n). For the circular 
vacancy, which only contains carbon ring A and C on 
the crack tip, hence the circular vacancy can be defined 
by the number of carbon rings along the diameter, for 
example, the vacancy in Figure 1b is named by “R10”. 
In addition, the label of “bxAC” (x＝2, 3, 4, …) is re-
ferred to as a series of rectangular vacancies that pos-
sess the same edge b (i.e., occupying A and C), but vary 
in the size of edge a.  

a

b

A

B C

A

R

A
C

A

m
n (a)

(b)

Transverse

Lo
ng

itu
di

na
l  

 (t
he

 s
tre

tc
hi

ng
 d

ire
ct

io
n)

(c)P
Q

 

Figure 1  The definition of (a) the rectangular vacancy, (b) 
circular vacancy in graphene sheet, and (c) the effective spring 
model. 

Young's modulus 
We performed MD simulation for the mechanical 

properties of both defect-free and defected graphene. 
The defect-free graphene exhibits nonlinear elastic be-
havior, assuming its thickness to be about 3.4 Å, and 
then its Young's modulus E can be identified from the 

simulation as (1.090±0.003) TPa, the fracture strength 
σc is identified as ca. 90.8 GPa, the fracture strain εc is 
identified as ca. 0.137, and the Poisson’s ratio is identi-
fied as ca. 0.2. All these results agree very well with 
previously reported work.[33] 

To further explore how the Young's modulus of gra-
phene varies with the defect shape and concentration, an 
effective spring model is proposed, wherein a single 
graphene sheet is divided into n rows, each row consists 
of m cells, and the size of a single cell equals to that of a 
single carbon ring (i.e., region P in Figure 1c). Owing to 
the linear elastic property of graphene under small de-
formation, each cell can be viewed as a spring along the 
stretching direction, the micro-sized modulus of which 
is defined as Emic. For the graphene with vacancy de-
fects, assuming that the total stress exerted on each row 
is the same, the number of cell in a specific row x is mx, 
the Young's modulus of this specific row x is Ex＝
mxEmic/m. Then the Young's modulus of the graphene 
with vacancy defects can be calculated by Eq. (2). 
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For an infinitively large graphene sheet with finite 
defected rows, the denominator of the right part of Eq. 
(2) approximately equals to n, and thus E＝Emic, indi-
cating that the Young's modulus is independent on the 
size of vacancy defects.  

For a finite graphene sheet with rectangular vacancy, 
the Young's modulus can be calculated by Eq. (3). 

mic
nm'E E
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where m'＝m−a is the cell number in each defected row, 
n' is the number of defected row in the graphene sheet. 
The MD simulation reveals that the energy of carbon 
atoms nearby the vacancy edge a is lower than average 
during the stretching process, which is caused by the 
missing of carbon-carbon bonding between the two a 
edges of the vacancy. The size of the region with such 
lower energy is related to the size of edge a. Accord-
ingly in the effective spring model, we assume that no 
stress is exerted on these carbon atoms, resulting in the 
increase of the effective size of edge b. Supposing that 
the number of the rows in the stress-free state equals to 
the length of edge a, then the number of defected rows 
n' in each graphene sheet approximately equals to ka＋b, 
where k is a constant supposed to be 1.2. The Young's 
modulus of the graphene sheets (i.e., n＝60, m＝45 
based on our MD simulation) with various-sized rec-
tangular vacancies can be calculated from the effective 
spring model (as shown in Figure 2), which are close to 
those derived from the MD simulation, suggesting that 
the Young's modulus of a finite graphene sheet with 
rectangular vacancy can be increased by reducing the 
sizes of the vacancy edge a and b. Considering that the 
vacancy size of edge a influences not only the cell 
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number in each defected row but also the total number 
of defected rows in the graphene sheet, the length of 
vacancy edge a has a greater impact on the Young's 
modulus than that of edge b. In the LM stretching, the 
edge a is perpendicular to the stretching direction, 
therefore we believe that the defect size in the perpen-
dicular direction is more relevant to the Young's 
modulus of the graphene. 

 
Figure 2  The Young's modulus of graphenes with various 
rectangular vacancy defects as a function of the size of edge a 
obtained from the MD simulation and the effective spring model. 

In the case of isolated monatomic vacancy, each 
monatomic vacancy is supposed to eliminate three car-
bon rings nearby, as shown in the region Q of Figure 1c. 
The Young's modulus of the graphene sheet with varied 
concentrations of monatomic vacancy then can be ob-
tained by both performing MD simulation and applying 
the effective spring model, and all the results are shown 
in Figure 3. The results derived from the MD simulation 
are in a good agreement with those calculated by the 
effective spring model. It clearly shows that the 
Young’s modulus decreases with the increase of the 
vacancy concentration. The slope of the line from the 
effective spring model is dE⁄df＝－0.03, which is nearly 
the same as that of －0.028 as reported in previous 
work using a MD simulation.[22] We can conclude that 
the Young's modulus shows a linear reduction by 

 
Figure 3  The Young's modulus of graphene with different 
monatomic-vacancy concentrations obtained from both the MD 
simulation and the effective spring model. 

increasing the concentration of the monatomic-vacancy 
defects, as long as the monatomic-vacancy defects are 
isolated with each other when their concentrations are 
low. 

Fracture strength and crack tip radius 
Crack initiation and propagation are two crucial 

steps in fracture, the manner of which developed within 
the materials are indicative of the fracture modes. The 
crack initiation of graphene is accompanied by the 
breaking down of the carbon-carbon bonding. Once the 
crack is initiated, it will quickly propagate through the 
whole graphene sheet even without being stretched, in-
dicating the crack propagation of graphene is a sponta-
neous process. According to the results of MD simula-
tion, we found that the fracture behavior of graphene 
largely depends on the shape of the vacancy defects 
(Figure 1). For the graphene sheet with “b3AC type 
rectangular vacancy, the crack is initiated by breaking 
the carbon-carbon bonding in carbon ring C, in which 
there are two bonds along the stretching direction and 
the breakage happens on the one that connects carbon 
ring A (i.e., the vacancy “a8b3AC” shown in Figure 4a). 
For the graphene sheet with “b3AB” type rectangular 
vacancy, the crack is initiated by breaking the car-
bon-carbon bonding in carbon ring B, in which there are 
two bonds along the stretching direction and the break-
age happens on the one that in between the B and C 
rings (i.e., the vacancy “a6b3AB” shown in Figure 4b). 
For the graphene sheet with “bxAC” type vacancy (x＞
3), the crack is initiated by breaking the carbon-carbon 
bonding in carbon ring A, which is along the stretching 

 

Figure 4  The crack initiation of graphene with vacancy defects 
of “a8b3AC” (a), “a6b3AB” (b), “a8b11AC” (c), and “R8” (d). 
The atoms in red were bonded incipiently, and their break as the 
crack initiation points. The atoms in orange were bonded 
incipiently, and their bonds break during crack propagation, 
whose orientations are represented by the arrows. 
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direction and is connected to the C ring (i.e., the va-
cancy “a8b11AB” shown in Figure 4c). For the gra-
phene sheet with circular vacancy, the crack is initiated 
by breaking the carbon-carbon bonding in carbon ring C, 
which is similar to “b3AC” type (i.e., the vacancy “R8” 
shown in Figure 4d). For all these cases above, the 
cracks always propagate along the transverse direction 
and ultimately extend across the whole graphene sheet. 

Figure 5 shows the fracture strength of graphene 
with various rectangular and circular vacancies. When 
the edge-a length of a “b3AC” type rectangular vacancy 
equals to the diameter of a circular vacancy, the fracture 
strength of the “b3AC” type rectangular vacancy is 
close to that of the circular vacancy, which can be as-
cribed to their similar crack tips and crack-initiation 
position. Zhao and coworkers have studied the fracture 
behavior of graphene with the “b3AC” type vacancy,[30] 
in which the crack tip radius was suggested to be ρ＝
2lbond, lbond＝1.42 Å is the carbon-carbon bonding length. 
Based on QFM, the minimum fracture quantum is L0＝
2lcos(π⁄3)＝2.46 Å. The vacancy length 2l＝a×L0−ρ, 
where a is the number of carbon ring along the vacancy 
edge a. The fracture strength of the graphene with 
“b3AC” type vacancy calculated by QFM is also shown 
in Figure 5, which is similar to those of MD simulation. 
Additionally, the fracture strength of the graphene with 
“a8b3AC” vacancy will reduce 4% if dangling carbon 
atoms are bonded on the vacancy edge a, which is at-
tributed to the increasing stiffness of the crack edge a. 

 
Figure 5  The fracture strength of graphene with rectangular and 
circular vacancies obtained from the MD simulation and the 
fracture strength of graphene with “a8b3AC” vacancy derived 
from the quantized fracture mechanics (QFM). 

In general, the crack of graphene with “bxAC” (x＞3) 
vacancy is initiated in the carbon ring A (except the 
ones in the corner of the rectangle), whose two carbon 
atoms along the side can be considered as the atoms m 
and n in the “b3AB” type shown in Figure 1a. Owing to 
the blunting effect of atoms m and n, which also con-
tributes to reducing the stress concentration around the 
crack tip, the crack tip is blunted, leading to an en-
hanced fracture strength in the graphene with “bxAC” (x
＞3) vacancy, as compared to that of “b3AC” vacancy. 

The crack tip radiuses ρ of the “bxAC” (x＞3) vacancies 
can be calculated from Eq. (1) as a function of the size 
of edge a, which are shown in Figure 6. The radiuses ρ 
of these “bxAC” (x＞3) vacancies are nearly the same 
(i.e., ca. 4.44 Å) when the size of edge a is small (i.e., 
ca. 4). When the size of edge a increases, the radiuses ρ 
of these “bxAC” (x＞3) vacancies also increase, and the 
vacancy with longer edge b exhibits a larger crack tip 
radius, indicating that both edges a and b are able to 
blunt the vacancy. According to previous work,[19] the 
vacancies with various shapes approximately exhibit 
two types of fracture strength when their cross sections 
are similar. Accordingly, the vacancies could be simply 
categorized as “slit like” and “blunt” by their fracture 
strength. The crack tip radius is about 2.84 Å for “slit 
like” vacancies, and 4.44 Å for “blunt” vacancies, when 
the lengths of their cross sections are short (i.e., the 
length of edge a below 4). The blunting effect is usually 
ascribed to the atoms m and n, which contribute to re-
leasing the stress concentration by bearing the stress at 
the crack tip. For the vacancy with a long edge a (i.e., 
the length of edge a above 4), the crack tip radius in-
creases as a function of the length of edge a, which may 
result from the blunting effect brought by the edges a 
and b. The deflection of edge a would reduce the stress 
concentration along the edge. Moreover, the longer the 
edge b is, the more effective the reduction is, as shown 
in Figure 6.  

 

Figure 6  The crack tip radius of various rectangular vacancies 
calculated via QFM based on the results from MD simulations. 

Conclusions 
In conclusion, we have investigated the Young's 

modulus and the fracture strength of graphene with 
various vacancy defects using the MD simulation, the 
effective spring model, and the quantized fracture me-
chanics. By comparing the results of the MD simulation 
and the quantized fracture mechanics, we found that the 
Young's modulus of graphene is largely related to the 
size of vacancy defect perpendicular to the stretching 
direction. In the case of isolated monatomic-vacancy 
defect, the Young's modulus of graphene mainly de-
pends on the concentration of the vacancy defects, and a 
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linear reduction of the modulus with the increased con-
centrations of the monatomic vacancy by the slope of 
－0.03 is obtained. For the study of fracture strength of 
graphene with different vacancy defects, different crack 
initiation behaviors are revealed, and it is demonstrated 
that the blunting effect of vacancy edges plays an im-
portant role in the fracture crack initiation and propaga-
tion of graphene. The characterized crack tip radius of 
4.44 Å is observed, which can be used to estimate the 
fracture strength due to “blunt” vacancy defects.  
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